This paper proposes linear goal programming models for deriving intuitionistic fuzzy weights from intuitionistic fuzzy preference relations. Novel definitions are put forward to define additive consistency and weak transitivity for intuitionistic fuzzy preference relations, followed by a study of their corresponding properties. For any given normalized intuitionistic fuzzy weight vector, a transformation formula is furnished to convert the weights into a consistent intuitionistic fuzzy preference relation. For any intuitionistic fuzzy preference relation, a linear goal programming model is developed to obtain its intuitionistic fuzzy weights by minimizing its deviation from the converted consistent intuitionistic fuzzy preference relation. This approach is then extended to group decision-making situations. Three numerical examples are provided to illustrate the validity and applicability of the proposed models.
Introduction
In multiple criteria decision making (MCDM), a decision-maker (DM) often needs to furnish his/her preference over a set of n alternatives or criteria by pairwise comparison, thereby establishing a preference relation to reflect the DM's judgment. To this end, the analytic hierarchy process (AHP) [1] arises as a powerful MCDM tool to decompose complex decision problems into a hierarchical structure of criteria, sub-criteria, and alternatives. AHP furnishes a convenient framework to derive multiplicative preference relations based on pairwise comparison. Subsequently, fuzzy logic and approaches have been incorporated into AHP, and fuzzy preference relations have received more and more attention in recent years [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] .
Owing to inherent complexity and uncertainty in real-world decision problems, it is often impractical to require a DM to provide his/her judgment in precise numerical values. To characterize this vagueness and uncertainty, different uncertain preference relations have been proposed [14] , such as interval multiplicative preference relations [15] , interval fuzzy preference relations [16] and triangular fuzzy preference relations [17] . Van Laarhoven and Pedrycz [17] extend Saaty's classical priority theory [1] to preference relations with triangular fuzzy numbers and develop a logarithmic least squares model to obtain fuzzy priority weights. Saaty and Vargas [15] introduce interval multiplicative preference relations and propose a Monte Carlo simulation method to generate priority weights from interval multiplicative preference relations. A number of approaches have been developed to derive priority weights from interval multiplicative preference relations, such as goal programming models [18, 19] and a convex combination method [20] . Xu and Chen [21] give additive and multiplicative transitivity conditions for interval fuzzy preference relations based on normalized crisp weights and present some linear programming models for deriving priority weights. By using interval arithmetic, Wang and Li [22] introduce new definitions of additive consistent, multiplicative consistent and weakly transitive interval fuzzy preference relations. Transformation functions are proposed to convert normalized interval weights into consistent interval fuzzy preference relations. Goal programming models are then developed for deriving interval weights based on diverse interval fuzzy preference relations.
Atanassov [23] introduces intuitionistic fuzzy sets (IFSs), characterized by a membership and a non-membership function. Thanks to its effectiveness in dealing with vagueness and uncertainty, IFSs have been widely applied to decision models with multiple attributes [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] . Szmidt and Kacprzyk [36] generalize fuzzy preference relations to intuitionistic fuzzy preference relations and investigate how to reach consensus with intuitionistic fuzzy preference relations in group decision making. Xu and Yager [37] introduce a similarity measure between IFSs and apply this measure to consensus analysis in group decisions with intuitionistic fuzzy preference relations. Xu [38] defines multiplicative consistent intuitionistic fuzzy preference relations based on intuitionistic fuzzy number (IFN) operations, and develops another approach to group decision making by using intuitionistic fuzzy aggregation operators. Xu et al. [39] point out that the multiplicative transitivity equation in [38] cannot be used to measure consistency of an intuitionistic fuzzy preference relation. By directly employing the membership and nonmembership degrees in intuitionistic fuzzy judgments, they propose a new definition of multiplicative consistent intuitionistic fuzzy preference relations and develop two algorithms to estimate missing values for incomplete intuitionistic preference relations. Xu [40] presents an error-analysis-based approach to determine priority interval weights for both consistent and inconsistent intuitionistic fuzzy preference relations. Gong et al. [41] give another multiplicative consistency definition for intuitionistic fuzzy preference relations based on the corresponding membership degree interval fuzzy relations with multiplicative consistency and propose goal programming approaches to obtain priority weights. Gong et al. [42] further define additive consistent intuitionistic fuzzy preference relations and establish some optimization models to obtain intuitionistic fuzzy weights from intuitionistic fuzzy preference relations. However, the approaches in [41, 42] handle consistency problems on intuitionistic fuzzy preference relations in an indirect manner. The definitions therein are based on converted membership intervals and priority weights rather than the intuitionistic fuzzy judgments provided by DMs. Moreover, the additive consistency transformation formulas given in [42] do not always convert normalized priority weights into an intuitionistic fuzzy preference relation.
In MCDM with preference relations, two significant issues are how to define consistency and obtain reliable priority weights. Consistency requires that DM's judgments yield no contradiction. As the IFN operational laws proposed by Xu [38] take different approaches to treat membership and nonmembership information, it is hard to measure consistency of the DM's judgments based on these operational rules. For instance, letR ¼ ðr ij Þ 3Â3 be an intuitionistic fuzzy preference relation, wherer 12 ¼ ð0:6; 0:4Þ;r 23 ¼ ð0:7; 0:3Þ andr 13 ¼ ð0:8; 0:2Þ, then there does not exist contradictions on these intuitionistic fuzzy judgments asR is equivalent to a degenerated additive consistent fuzzy preference relation R ¼ ðr ij Þ 3Â3 with r 12 ¼ 0:6; r 23 ¼ 0:7 and r 13 ¼ 0:8. However, by the addition operation È given in [38] ,r 12 Èr 23 ¼ ð0:6; 0:4Þ þ ð0:7; 0:3Þ ¼ ð0:88; 0:12Þ andr 13 È ð0:5; 0:5Þ ¼ ð0:8; 0:2Þ þ ð0:5; 0:5Þ ¼ ð0:9; 0:1Þ. Therefore,r 12 Èr 23 -r 13 È ð0:5; 0:5Þ. This example demonstrates that it is difficult to employ the addition operation È to define consistency of intuitionistic fuzzy preference relations. To circumvent this issue, it is natural and logical to expect that consistency be directly defined on membership and nonmembership degrees in the DM's judgments and the derived priority weights take the form of IFNs. This paper focuses on intuitionistic fuzzy preference relations and employs membership and nonmembership degrees to define additive consistent intuitionistic fuzzy preference relations. When all intuitionistic fuzzy judgments are degenerated to fuzzy numbers, the conditions of additive transitivity are reduced to those of fuzzy reference relations proposed by Tanino [43] . By analyzing the relationship between intuitionistic fuzzy weights and additive consistency, two linear goal programming models are designed for obtaining priority weights based on intuitionistic fuzzy preference relations for both individual and group decisions.
The rest of the paper is organized as follows. Section 2 furnishes a brief review on fuzzy preference relations, IFSs, and comparison of IFNs. Section 3 defines additive consistent intuitionistic fuzzy preference relations and discusses their properties. In Section 4, linear goal programs are developed for deriving intuitionistic fuzzy weights based on individual and group intuitionistic fuzzy preference relations. Three illustrative examples are presented in Section 5 and a comparative study with existing approaches is conducted to demonstrate the validity and practicality of the proposed models. The paper concludes with some remarks in Section 6.
Preliminaries
Let X ¼ fx 1 ; x 2 ; . . . ; x n g be a finite set of alternatives. By a pairwise comparison technique, a DM provides a fuzzy preference relation R ¼ ðr ij Þ nÂn , where r ij represents a fuzzy preference degree of alternative x i over x j and satisfies 0 6 r ij 6 1; r ij þ r ji ¼ 1; r ii ¼ 0:5 for all i; j ¼ 1; 2; . . . ; n:
ð2:1Þ
In particular, r ij ¼ 1 indicates x i is totally preferred to x j , r ij ¼ 0 means x j is definitely preferred to x i and r ij ¼ 0:5 shows the DM's indifference between x i and x j . The consistency of fuzzy preference relations has been addressed by Tanino [43] and the corresponding additive consistency definition is given as follows: [38] . An intuitionistic fuzzy preference relationR on the set X is characterized by an intuitionistic fuzzy judg-
. . . ; n;
ð2:6Þ
and l ij is the degree to which alternative x i is preferred to x j , and v ij is the degree to which alternative x i is non-preferred to x j .For an IFNã ¼ ðl; vÞ, its score function is defined as the difference between the membership and nonmembership function [24] ,
ð2:7Þ
and its accuracy function is defined as the sum of the membership and nonmembership function [26] ,
ð2:8Þ
It is obvious that SðãÞ 2 ½À1; 1 and HðãÞ 2 ½0; 1. The score function can be viewed as the net degree of belonging to a certain set and the accuracy function measures the total amount of information included in the membership and nonmembership function. Therefore, the score and accuracy function can be used as a basis to compare two IFNs. By taking a prioritized sequence of score and accuracy functions, an approach is devised for comparing any two IFNs as follows [38] . 
Consistency of intuitionistic fuzzy preference relations
By directly employing the membership and nonmembership degrees in an intuitionistic fuzzy preference relation, a new definition of additive consistency is introduced. Based on the score function, weak transitivity is defined for intuitionistic fuzzy preference relations. Some properties of consistent intuitionistic fuzzy preference relations are subsequently discussed and it is shown that additive consistent intuitionistic preference relations are always weakly transitive. 
ð3:1Þ
ð3:2Þ
On the other hand, if all IFNsr ij ¼ ðl ij ; v ij Þ are degraded to fuzzy numbers r ij ¼ l ij satisfying l ij þ v ij ¼ 1 and l ji ¼ v ij for all i, j = 1,2,. . ., n, then the intuitionistic fuzzy preference relationR is equivalent to a fuzzy preference relation R ¼ ðr ij Þ nÂn with r ij ¼ l ij and Eq. (3.1) is reduced to Eq. (2.3).
According to (2.7) and (3.1), we have the following property. Proof. IfR is an additive consistent intuitionistic fuzzy preference relation, then as per Definition 3.1, we have
On the other hand, if Sðr ij Þ ¼ Sðr ik Þ À Sðr jk Þ for all i, j, k = 1,2,. . ., n, then by reversing the aforesaid proof of the necessary condition, one can
. ., n. So,R is additive consistent. h Theorem 3.1 provides a convenient approach to tell whether an intuitionistic fuzzy preference relation is additive consistent.
From Definition 2.3, we know thatr ij denotes the intuitionistic fuzzy preference degree of alternative x i over x j , the larger r ij , the stronger alternative x i is superior to x j ;r ij ¼ ð0:5; 0:5Þ indicates that the DM is indifferent between x i and x j . Due to the uncertainty and hesitation involved in these judgments, exact weights may not be able to rationally reflect the importance degrees of the alternatives during a decision process. As such, it is reasonable to expect that the priority weights derived fromR be IFNs rather than crisp values.
Letx
n ÞÞ T be an intuitionistic fuzzy priority weight vector of 
It is obvious that the membership degree of the importance (or weight) of x i ranges between x l i and
i Þ can be equivalently rewritten as an interval weight ½x
Based on the definition of normalized interval fuzzy weights proposed by Sugihara et al. [45] , we can similarly define normalized intuitionistic fuzzy weights as follows.
Definition 3.2. An intuitionistic fuzzy weight vectorx
. ., n is said to be normalized if it satisfies the following conditions:
. . . ; n; ð3:3Þ
then the following result is obtained.
Assume that the elements of the matrixT ¼ ðt ij Þ nÂn are defined by (3.4), thenT is an additive consistent intuitionistic fuzzy preference relation.
Proof. It is obvious that t
. ., n, it follows that 0 6 0:5x
. ., n, we have 0:5x
As per Definition 2.3,T is an intuitionistic fuzzy preference relation.On the other hand, by (2.7), one can get
Similarly,
According to Theorem 3.1, it is certified thatT ¼ ðt ij Þ nÂn is additive consistent. It can be seen from (12) that if all intuitionistic fuzzy weightsx i ¼ ðx
. . . ; n) are degenerated to classical fuzzy
, the intuitionistic fuzzy preference relationT ¼ ðt ij Þ nÂn is equivalent to a fuzzy preference relation. In this case, (12) is equivalent to (2.4), corresponding to the condition of additive consistency for fuzzy preference relations. It is worth noting that the transformation formulas given by Gong et al. [42] (See Eqs. (10) and (12) 
thenR is an additive consistent intuitionistic fuzzy preference relation.
Definition 3.
3. An intuitionistic fuzzy preference relationR ¼ ðr ij Þ nÂn is weakly transitive if Sðr ij Þ P 0 and Sðr jk Þ P 0 imply Sðr ik Þ P 0; for all i; j; k ¼1; 2;. . . ; n. Proof. According to (7) , if Sðr ij Þ P 0 and Sðr jk Þ P 0, we have l ij À v ij P 0 and l jk À v jk P 0. SinceR ¼ ðr ij Þ nÂn is additive consistent, it follows from Theorem 3.1 that
. ., n. Therefore, one can obtain Sðr ik Þ P 0. By Definition 3.3, the proof of Theorem 3.3 is completed. h
Linear goal programming models for generating intuitionistic fuzzy weights
This section develops linear goal programs for deriving intuitionistic fuzzy weights from individual and group intuitionistic fuzzy preference relations.
An individual DM with intuitionistic fuzzy preference relations
According to Corollary 3.1, if there exists a normalized intuitionistic fuzzy weight vectorx ¼ ðx 1 ;x 2 ; Á Á Á ;x n Þ T with
. ., n , such that r ij ¼ ðl ij ; v ij Þ can be expressed as (13) , thenR ¼ ðr ij Þ nÂn is additive consistent. As per Theorem 3.3,R is also weakly transitive.
In a real decision-making process, an intuitionistic fuzzy preference relation furnished by a DM may not always be expressed as (3.5) . In this case, the following deviation variables are introduced to gauge the difference between the given judgment matrixR and the additive consistent intuitionistic fuzzy relationT:
e ij ¼ 0:5x
. . . ; n; j-i; ð4:1Þ
. . . ; n; j-i
ð4:2Þ
The smaller the absolute deviations, the better the additive consistency of DM's judgment. Consequently, the following nonlinear goal programming model is established for generating an intuitionistic fuzzy weight vector:
ðje ij j þ jg ij jÞ s:t:
ð0:5x
ð4:3Þ
where the first two constraints come from Eqs. (4.1) and (4.2), the next three constraints ensures that the derived weights constitute an intuitionistic fuzzy weight vectorx, and the last constraints guarantee that the weight vectorx is normalized.
As l ij ¼ v ji and v ij ¼ l ji , we have e ij ¼ ð0:5x
3) can be simplified by considering only the upper diagonal elements as follows:
. . . ; n:
ð4:4Þ
Similar to the treatment in Wang and Li [22] , let 
. . . ; n. As a result, the nonlinear optimization model (4.4) can be rewritten as the following linear goal programming model:
. . . ; n: If the optimal objective function value J Ã is equal to zero, one can obtain e
This implies thatR can be expressed as (3.5) by the optimal intuitionistic fuzzy weight vectorx Ã . According to Corollary 3.1,R is additive consistent.
Group decision-making with intuitionistic fuzzy preference relations
Suppose that the intuitionistic fuzzy preference relationsR k ¼ ðr Given that different DMs may have different subjective judgments, it is nearly impossible to find a unified intuitionistic fuzzy weight vectorx ¼ ðx 1 ;x 2 ; Á Á Á ;x n Þ T to express each DM's judgment matrix as (3.5) from a consistency perspective. In other words, the following conditions of additive transitivity cannot always satisfy for all DMs.
. . . ; n; j ¼ i þ 1; . . . ; n; k ¼ 1; 2; . . . ; m: ð4:9Þ
In order to obtain a unified intuitionistic fuzzy priority vector for group intuitionistic fuzzy preference relations, the deviation variables are introduced as follows:
. . . ; n; j ¼ i þ 1; . . . ; n; k ¼ 1; 2; . . . ; m;
ð4:10Þ
. . . ; n; j ¼ i þ 1; . . . ; n; k ¼ 1; 2; . . . ; m: ð4:11Þ
Once again, the smaller the absolute deviations, the better the additive consistency of judgments provided by the DMs. Thus, we can establish the following model: ð0:5x
. . . ; n: 
. . . ; n e kþ ij P 0; e kÀ ij P 0; g kþ ij P 0; g kÀ ij P 0 i ¼ 1; 2; . . . ; n; j ¼ i þ 1; . . . ; n; k ¼ 1; 2; . . . ; m:
ð4:15Þ
Since ð0:5x
. . . ; n; k ¼ 1; 2; . . . ; m) and P m k¼1 k k ¼ 1, one can obtain ð0:5x
Similarly, from ð0:5x v i þ 0:5x
. . . ; n; j ¼ i þ 1; . . . ; n:
Solving this model, the optimal solution generates a unified intuitionistic fuzzy priority vectorx Ã ¼ ðx
. . . ; m).
Numerical examples
This section presents three numerical examples to validate the proposed models and demonstrate how to apply them to derive intuitionistic fuzzy weights from intuitionistic fuzzy preference relations. 
Solving this model by an appropriate optimization computer package, it follows that the optimal objective value J Ã ¼ 0 and the optimal intuitionistic fuzzy weight vector as:
x ¼ ðx 1 ;x 2 ;x 3 Þ T ¼ ðð0:03; 0:97Þ; ð0:9; 0:1Þ; ð0:07; 0:93ÞÞ T :
As per (7), Sðx 1 Þ ¼ À0:94; Sðx 2 Þ ¼ 0:8; Sðx 3 Þ ¼ À0:86. As such, the ranking of the three alternatives is x 2 1 x 3 1 x 1 .
Next, the model (30) developed by Gong et al. [42] will be employed to obtain intuitionistic fuzzy weights based on the same preference relationR, and the ranking result and effectiveness will be compared with our proposed approach.
Utilizing the model (30) in [42] , one can construct the following goal programming model. 
Solving this model, one can obtain its optimal objective value J Ã ¼ 3:457363, and the optimal interval weight vector as According to (7), we have Sðx 1 Þ ¼ À0:954; Sðx 2 Þ ¼ 0:906; Sðx 3 Þ ¼ À0:952. Then, the ranking order of the three alternatives is x 2 1 x 3 1 x 1 .
Xu [38] proposes an approach to obtain an averaged intuitionistic fuzzy value of alternative x i over remaining alternatives by the intuitionistic fuzzy arithmetic averaging operator. These averaged intuitionistic fuzzy values are then employed to derive a ranking order for all alternatives.
Using Algorithm (I) (n = 3,m = 1) in [38] , one can get the priority vector as ðð0:2523; 0:081Þ; ð0:3324; 0:0009Þ; ð0:2601; 0:0732ÞÞ T . As per the comparison method for IFNs in Section 2, we have x 2 1 x 3 1 x 1 .
It can be seen that this intuitionistic fuzzy priority vector does not satisfy the normalization condition (3.3) due to [40] develops an error-analysis-based method for the priority of an intuitionistic preference relation. By using Eqs. (13) and (15) By the ranking approach in [40] , we can rank the three alternatives:
On the other hand, as l ij þ v ij ¼ 1 for all i, j = 1, 2, 3,R is equivalent to the following additive consistent fuzzy preference Next, a comparative study is conducted between the proposed method herein and another approach to generating priority weights for additive consistent fuzzy preference relations in the current literature.
For an additive consistent fuzzy preference relation R ¼ ðr ij Þ nÂn , it has been proved [10] The priority weight vectors and ranking results based on the models in Gong et al. [42] , Xu [38, 40] , Liu et al. [10] and our approach are summarized in Table 1 . Table 1 demonstrates the overall consistency of the ranking results among the five different approaches. However, for the degenerated fuzzy preference relation in this example, the priority weight vectors obtained based on the models in Gong et al. [42] and Xu [38, 40] are different from the result derived from the method in Liu et al. [10] . On the other hand, the proposed approach in this article yields the same priority weights. In addition, Xu's model [38] does not incorporate the normalization constraint into the derived priority weights. As r 21 ¼ 0:935 and r 23 ¼ 0:915, x 2 is strongly preferred to x 1 and x 3 . This result implies that the priority weight of x 2 is significantly larger than that of x 1 and x 3 . On the other hand, the priority weights derived by Xu's approach [40] do not properly reflect the degree of preference. As mentioned in Section 3, the transformation formulas given in Gong et al. [42] sometimes cannot convert a normalized intuitionistic fuzzy weight vector into an intuitionistic fuzzy preference relation.
Example 2. Consider the case that a customer (DM) intends to buy a new vehicle. Four cars x 1 , x 2 , x 3 , and x 4 arise as shortlisted alternatives after preliminary screening. Taking into account various factors such as prices, safety, driving experience, and quality, the DM conducts pairwise comparisons for alternative x i and x j (i, j = 1, 2, 3, 4), and constructs the following intuitionistic fuzzy preference relation: InR, the diagonal elements are always (0.5, 0.5), indicating the DM's indifference between any car and itself. The cells off the diagonal give the DM's pairwise comparison result between two cars. For instance,r 12 ¼ ð0:30; 0:45Þ denotes the degree to which the car x 1 being preferred to x 2 is 0.3, and the degree to which the car x 1 being non-preferred to x 2 is 0.45. Remaining elements inR can be interpreted in the same way.
Plugging the intuitionistic fuzzy preference relationR into (4.7), and solving this model, it follows that the optimal objective value J Ã ¼ 0, and the optimal intuitionistic fuzzy weight vector as: Since Sðx 2 Þ > Sðx 1 Þ > Sðx 4 Þ > Sðx 3 Þ, a sensible ranking of the four cars is obtained as
Example 3. Consider a group decision-making problem concerning the selection of the international exchange doctoral students (adapted from [22] ). Assume that a committee including three experts (decision makers) has been set up to assess applications, and the weights for the experts are 0.2, 0.5 and 0.3, respectively. Without loss of generality, assume that four students x 1 , x 2 , x 3 , and x 4 are shortlisted as potential candidates. Each expert d k (k = 1, 2, 3) is required to conduct pairwise comparisons for the four candidates, resulting in the following intuitionistic fuzzy preference relations R k ¼ ðr Eqs. (6) and (7) Liu et al. [10] ðð0:03; 0:97Þ; ð0:9; 0:1Þ; ð0:07; 0:93ÞÞ Since Sðx 1 Þ > Sðx 2 Þ > Sðx 3 Þ > Sðx 4 Þ, the four candidates can be ranked as x 1 1 x 2 1 x 3 1 x 4 .
Conclusions
Intuitionistic fuzzy preference relations are often employed by DMs to express their preference information in MCDM problems involving uncertainty and hesitation. It is well recognized that two challenging and significant issues in this area are how to define consistency and derive reliable priority weights from intuitionistic fuzzy preference relations. This article puts forward novel definitions of additive consistency and weak transitivity for intuitionistic fuzzy preference relations. A transformation formula is proposed to convert normalized intuitionistic fuzzy weights into consistent intuitionistic fuzzy preference relations. By minimizing the deviation between the given judgment matrix and the converted consistent intuitionistic fuzzy preference relation, two linear goal programming models are developed to derive intuitionistic fuzzy weights from any intuitionistic fuzzy preference relation for both individual and group decisions. Three numerical examples are furnished to validate the proposed models, and a comparative study is carried out to compare the priority weights and ranking results derived from our approach and other existing methods.
Significant future research may be carried out to extend the research reported in this article. For instance, it is a worthy topic to address the case of incomplete intuitionistic fuzzy preference relations. Another possible extension is how to aggregate normalized intuitionistic fuzzy weights in MCDM problems with a hierarchical structure.
